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ON THE ISOMORPHISM PROBLEM FOR THE RINGS OF DIFFERENTIAL
OPERATORS ON SMOOTH AFFINE VARIETIES
AKAKI TIKARADZE
Abstract. We show that given two smooth affine varieties overC such that their rings of differential
operators are Morita equivalent, then corresponding cotangent bundles are isomorphic as symplectic
varieties.
Throughout given a smooth affine variety X over a ring S, by D(X) (respectively T ∗(X)) we will
denote the ring of algebraic differential operators on X (the cotangent bundle of X). Thus, D(X)
is generated over O(X) by vector fields T 1X = DerS(O(X),O(X)) subject to the following relations:
θf − fθ = θ(f), θθ1 − θ1θ = [θ, θ1], f ∈ O(X), θ, θ1 ∈ T
1
X .
Recall that the isomorphism problem for the rings of differential operators is as follows.
Problem 1. Suppose that X, Y are smooth affine varieties over C, such that D(X) ∼= D(Y ). Then
is it true that X ∼= Y ?
It is well known that the answer is yes when X, Y are algebraic curves as proved by Makar-
Limanov[ML], while not much is known for higher dimensional varieties (see introduction in [BW]).
Much more generally, it has been conjectured by Orlov that if any two smooth varieties X, Y over
C have equivalent derived categories of coherent D-modules, then X ∼= Y. Orlov’s conjecture has
been established for Abelian varieties by Arinkin (see discussion in [F]). As for smooth affine
varieties X and Y, a derived equivalence between D(X) and D(Y ) is the same as a (shifted) Morita
equivalence by [YZ], it follows that Orlov’s conjecture for smooth affine varieties boils down to
determining whether a Morita equivalence between D(X) and D(Y ) for smooth affine varieties
X, Y implies that X ∼= Y. Such a result for smooth affine curves over C was indeed established by
Berest and Wilson [[BW], Theorem 3.3]. Their proof relies on an explicit description of algebras
Morita equivalent to D(X) for a smooth affine curve X , as well as mad subalgebras approach of
Makar-Limanov.
In this note we will show the following result.
Theorem 0.1. Let X, Y be smooth affine varieties over C such that D(X) is Morita equivalent to
D(Y ). Then T ∗(X) ∼= T ∗(Y ) as symplectic varieties.
In view of this result, it is tempting to make the following conjecture.
Conjecture 1. Let X, Y be smooth affine varieties over C such that T ∗(X) ∼= T ∗(Y ). Then X ∼= Y.
In view of Theorem 0.1, the above conjecture would yield Orlov’s conjecture for affine varieties.
Thus the conjecture allows us to transfer the isomorphism problem from the domain of noncommu-
tative ring theory to the one in affine symplectic algebraic geometry.
The original argument of Makar-Limanov with mad subalgebras [ML] adopted to the Poisson
algebra O(T ∗(X)) implies that the conjecture holds for curves. Therefore, we have reproved the
above mentioned result from [BW]. Moreover, our proof does not require any description of algebras
Morita equivalent to D(X).
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Recall that given an associative flat Z-algebra R and a prime number p, then the center Z(R/pR)
of its reduction mod p acquires a natural Poisson bracket, defined as follows. Given a, b ∈
Z(R/pR), let z, w ∈ R be their respective lifts. Then the Poisson bracket {a, b} is defined to
be
1
p
[z, w] mod p ∈ Z(R/pR).
In particular, given a subring S ⊂ C and a flat S-algebra R, then for a base change S → k to a
field k of characteristic p > 0, then the center Z(Rk) of algebra Rk = R⊗S k acquires the natural
k-linear Poisson bracket, which we will refer to as the mod p reduction Poisson bracket.
The proof of Theorem 0.1 is essentially a simple application of the reduction mod p >> 0
method, following ideas in [BK].
At first we will recall the following standard result about lifting isomorphisms from characteristic
p >> 0 to characteristic 0. Its proof is included for the reader’s convenience.
Lemma 0.2. Let S ⊂ C be a finitely generated ring. Let A,B be Poisson S-algebras and V, V ′ ⊂ A
(respectively W,W ′ ⊂ B) be finite S-submodules such that both V, V ′(resp. W,W ′) generated A
(resp. B) as an S-algebra. Suppose that for all p >> 0 and base change S → k to an algebraically
closed field k of characteristic p, there exists a Poisson k-algebra isomorphism φk : Ak → Bk
such that φk(Vk) ⊂ Wk and φ
−1
k
(W ′
k
) ⊂ V ′
k
. Then there exists a Poisson C-algebra isomorphism
φ : AC → BC such that φ(VC) ⊂WC and φ
−1(W ′
C
) ⊂ V ′
C
.
Proof. Let Z be an affine S-scheme defined by pairs (x, y) of linear S-maps x : V → W and
y : W ′ → V ′ such that they induce mutually inverse S-Poisson algebra homomorphisms. Clearly Z
is a finite type affine scheme over S. Then by the assumption Zk is nonempty for all p >> 0. Hence
ZC is also nonempty and we are done.

Proof of Theorem 0.1. We may assume that X, Y are smooth affine varieties over S-a finitely gen-
erated subring of C, such that D(X) is Morita equivalent to D(Y ) over S. Hence, there exists
a finite generating projective left D(X)-module P such that D(Y )op ∼= HomD(X)(P, P ). This
yields an S-algebra embedding ψ : D(Y ) → Mn(D(X)) for a suitable n. Given a base change
S → k to an algebraically closed field of characteristic p >> 0, we get a k-algebra isomorphism
D(Yk)
op ∼= HomD(Xk)(Pk, Pk), which in turn yields a k-algebra isomorphism preserving the mod p
reduction Poisson brackets on the level of centers
φk : Z(D(Xk))
∼
−→ Z(D(Yk)).
Now recall that [BMR], Z(D(Xk)) is canonically isomorphic to the Frobenius twist of O(T
∗(Xk))
[BMR], the isomorphism been given as follows
ik : O(T
∗(Xk)) ∼= Z(D(Xk)), ik(f) = f
p, ik(θ) = θ
p − θ[p], f ∈ O(X), θ ∈ T 1X ,
here θ[p] ∈ T 1X denoted the p-th power derivation of θ. Moreover the induced Poisson bracket on
O(T ∗(Xk)) via isomorphism ik is the minus of the usual Poisson bracket on the cotangent bundle
[BK]. Hence we have a Poisson k-algebra isomorphism
φ˜k = i
−1
k
φkik : O(T
∗(Xk))
∼
−→ O(T ∗(Yk)).
Next we will need the following lemma. In what follows given a k-subspace V of a k-algebra, by
V p we will denote the k-span of products of at most p elements in V.
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Lemma 0.3. Let X be a smooth affine variety over a finitely generated ring S ⊂ C. Let V ⊂ D(X)
be a finite S-submodule, and θ ∈ T 1X . Then there exists finite S-submodules V
′ ⊂ O(T ∗(X)) and
W ⊂ D(X) such that for all p >> 0 and a base change S → k, we have
ı−1
k
(V p
k
∩ Z(D(Xk))) ⊂ V
′
k
, θp − θ[p] ∈ W p
k
.
Proof. Remark that if X ′ → X is an etale map, such that the first assertion of the lemma holds for
X ′, then it also holds for X. Indeed, let V ′′′ ⊂ O(T ∗(X ′)) be such that V p ∩ Z(D(X ′
k
)) ⊂ ik(V
′′
k
),
then V ′ = V ′′ ∩ O(T ∗(X)) works for X.
The standard argument using the Bernstein filtration on the Weyl algebra immediately yields the
desired assertion for the case of an affine space X = AS. Now assume that X = SpecS[x1, · · · , xn]f
with 0 6= f ∈ S[x1, · · · , xn]. Then there exists a finite S-submodule V
′ ⊂ T ∗(AS) and m, such that
for all p >> 0
fmi−1
k
(V p
k
∩ Z(D(Xk))) ⊂ V
′
k
,
which yields the assertion.
Now let X be an arbitrary smooth affine variety over S. By replacing X with a suitable Y and
an etale map Y → X , we may assume that X → U is a Galois covering with a Galois group G for
some open affine U = SpecS[x1, · · · , xn]f , f ∈ S[x1, · · · , xn]. Let e ∈ O(X) be such that its G-orbit
is a basis of O(X) as an S[x1, · · · , xn]f -module. Denote by yi = ∂xi the usual vector fields on U
(hence on X). Without loss of generality we may assume that V = V0 ⊕
⊕
|I|<m Sy
I for some m,
and V0 ⊂ O(X) is a finite G-stable S-module. Now it follows that there exists a finite S-submodule
V1 ⊂ S[x1, · · · , xn]f such that
V p
k
⊂
⊕
g∈G
g(e)(
⊕
|I|≤pm
(V1)
p
k
yI).
Then there exists a finite S-submodule V2 ⊂ O(U) such that for any elementary symmetric function
σ(G) on G, we have σ(G)(V p
k
) ⊂ (V2)
p
k
. Let τ ∈ V p
k
∩ Z(D(Xk)). Then σ(G)(τ) ∈ ((V2)k)
p ∩
Z(D(Uk)). Since the statement of the lemma holds for U, there is a finite S-module V3 ⊂ O(T
∗(U)),
such that i−1
k
((V2)k)
p ∩ Z(D(Uk))) ⊂ (V3)k. Hence, ik
−1(τ) ∈ O(T ∗(X)) is a zero of a monic
polynomial of degree |G| = m with coefficients in (V3)k, so are g(i
−1
k
(τ)), g ∈ G. Thus, we may write
ik
−1(τ) =
∑
i
xiei, xi ∈ O(T
∗(Uk)), ei ∈
∑
g∈G
g(e),
such that each xiei is a root of a monic polynomial of degree m with coefficients in (V3)k (enlarging
V3). Hence by enlarging V3 further, we may assume that each xi is root of a monic polynomial of
degreem with coefficients in (V3)k. Hence xg ∈ (V4)k for an appropriate finite S-module V4 ⊂ T
∗(U).
Now putting V ′ =
⊕
g∈Γ V4g(e), we get that ik
−1(τ) ∈ V ′
k
as desired.
Now let θ ∈ T 1X . We may assume that Xf = SpecO(X)f is a finite etale cover of U =
SpecS[x1, · · · , xn]f , as above. Let D1, · · · , Dm be a generating set of T
1
X as an O(X)-module.
Then θ =
∑
fiyi and yi =
∑
fijDj for some fi, fij ∈ O(X)f . So,
θp − θ[p] = f pi y
p
i = f
p
i (
∑
fijDj)
p.
Then for g = f l for a large enough l (independent of p), we have that gp(θp− θ[p]) ∈ W ′
k
p, where W ′
is a large enough finite S-module containing Di. It follows that g
pθ[p] ⊂W ′′
k
p for a large enough finite
S-submodule W ′′ ⊂ O(T ∗(X)). Let S[z1, · · · , zn] ⊂ O(T
∗(X)) be a polynomial ring containing g
such that O(T ∗(X)) is a free module over it of finite rank with basis e1, · · · , em. We may assume
that W ′′ = ⊕eiW1, where W1 ⊂ S[z1, · · · , zn] is a finite S-module, such that each eiej ∈
⊕
eiW1.
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Let θ[p] =
∑
eigi, gi ∈ k[z1, · · · , zn]. Since g
pθ[p] ∈ W ′′
k
p, then deg(gi) ≤ pl for some large enough
l independent of p. Hence θ[p] ∈ W p
k
for a large enough finite S-module W ⊂ O(T ∗X). Clearly W
may be chosen to be a finite S-submodule of O(X)⊕T 1X . It follows that θ
[p] ∈ W p
k
⊂ D(Xk), where
W is viewed as an S-submodule of D(X). Hence we have a finite S-submodule W ⊂ D(X) such
that θp − θ[p] ∈ W p
k
, as desired.

To finish the proof of Theorem 0.1 (by Lemma 0.2), it suffices to show that given g ∈ O(Y ) and
θ ∈ T 1Y , there exists a finite S-module V ⊂ O(T
∗(X)) such that after a base change S → k to an
algebraically closed field k of characteristic p >> 0, we have that
i−1
k
(φk(g
p)), i−1
k
(φk(θ
p − θ[p])) ∈ Vk.
Indeed, it follows from the embedding ψ : D(Y ) → Mn(D(X)) and Lemma 0.3 that there exists a
finite S-submodule W ⊂ D(X) such that
φk(g
p), φk(θ
p − θ[p]) ∈ W p
k
∩ Z(D(Xk)).
Hence by Lemma 0.3, we have a finite S-submodule V ⊂ O(X) with the desired property.

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